Abstract-A linear minimum mean-square error (LMMSE) equalizer for avalanche-photodiode (APD) based integrate-anddump receivers is designed to compensate for intersymbolinterference (ISI) introduced by the APD's random impulse response. Recent work on the characterization of the joint probability distribution of the APD's gain and buildup-time are adopted and utilized to determine the mean and correlation matrix of the APD-based receiver's random impulse response. This LMMSE equalizer is shown to improve the bit-errorrate dramatically at high transmission rates, resulting in an improvement in the receiver sensitivity by approximately 2.3 dB at 15GHz.
not suitable for compensating ISI introduced by the APD as the impulse response function of an APD is highly random, both in its duration (representing the avalanche-buildup time) and in its area (representing the multiplication factor, i.e., gain). This makes ISI compensation for APDs distinct from that designed for dispersion-induced ISI. In this work, we develop a linear minimum mean-square error (LMMSE) equalizer for an APD-based integrate-and-dump receiver in on-off keying (OOK) optical communication systems. The APD-based integrate-and-dump receiver is viewed as a random linear channel, since the APD's impulse-response function is a stochastic process. In contrast to the deterministic channels, the equalization of this random channel has to take into account the statistical properties of the random channel's impulse response. Even though the adopted LMMSE equalization scheme is simple, the required correlations of the random channel's output and the cross-correlation between the random channel's input and output involve characterizing the complex statistical properties of the shot noise [3] generated by the APD's impulse response function. In our earlier work [4] , the joint statistics of the APD's gain and buildup-time was determined for the first time, and the random-duration (RD) rectangular model was proposed to accurately characterize the mean and autocorrelation of the APD's impulse response function. This facilitates deriving the required statistics in the equalization design. In this work, the RD rectangular model for the APD's impulse response function is utilized to design a finite-tap LMMSE equalizer [5] . To emphasize the importance of using the exact statistics of the APD's impulse response, we also calculated another set of equalizer coefficients by assuming a deterministic-duration (DD) exponential model [4] , which ignores the statistical correlation between the APD's gain and buildup time.
Let I n , n ∈ Z, denote the input binary sequence with bit duration T b . The optical intensity is assumed φ for a "1" bit and 0 for a "0" bit. Let R n , n ∈ Z, denote the raw receiver output (i.e., prior to any decision). Each optical input I n contributes a term A (n) 0 I n to the present output R n and an ISI term A (n)
is the APD's random impulse response function, τ i 's are the photons' arrival times, and nT b ≤ τ i < (n + 1)T b . If we assume the ISI affects up to L − 1 future receiver outputs, then the receiver output can be written as
where J n is a zero-mean Gaussian Johnson noise, independent 
I n−L+1 is referred to as the random ISI. Additionally, the signal
is identified as the random impulse response of the receiver. We can therefore think of the APD-based receiver as a stochastic finite-impulseresponse (FIR) filter. Note that A (n−k) p and A (n−k) q are statistically correlated since they are ISI terms induced by the same photons in the optical pulse I n−k . On the other hand, A (n−k) p and A (n−l) q are independent as long as k = l since they arise from different photons. Since the mean and correlations of this APD-based receiver's impulse response are time invariant, we ignore the superscript elsewhere.
Next, we design an equalizer that is a linear combination of current observation R n and the past observations to best restore the original transmitted signal I n :
where the b i s, i = 0, 1, . . . , L − 1, are the tap coefficients of the linear equalizer,Î n is the ISI compensated estimate of I n , and M is the number of taps in the equalizer.
II. EQUALIZER DESIGN

A. Stochastic Model for the APD's Impulse Response Function
Conventionally, the DD exponential model is used in most analysis, which assumes the APD's impulse response function I(t) taking the form I DD (t) = Gbe −b 3dB t , where G is APD's random gain, and b 3dB is its 3dB bandwidth. The builduptime is completely determined by its random gain in this DD exponential model, so the temporal statistical correlation in I(t) is omitted. In contrast, in the RD rectangular model [4] , the APD's impulse-response function assumes the form I RD 
where T is the random duration of the impulse response function, and u(t) is the unitstep function. The joint probability distribution of G and T is also calculated in [4] .
With the availability of the RD rectangular model, the mean and autocorrelation function of the APD's impulse response are approximated by [4] 
where b se is the shot-noise equivalent bandwidth [4] , and µ ∨ ν is the maximum of µ and ν. For the DD exponential model, the mean and autocorrelation function are expressed as
B. Statistics of Receiver's Impulse Response
By using standard techniques for filtered Poisson processes [3] , the mean and the correlation matrix of the receiver's impulse response H(n), denoted by a p and R A (p, q) , respectively, can be obtained using
By applying (3), (4), we obtain the mean and autocorrelation functions of the receiver's impulse response:
The indices in the above equations range in 1 ≤ q < p and 1 ≤ p ≤ L − 1, the rest of the elements in correlation matrix R A are obtained by symmetry. The results for the DD exponential mode is obtained similarly; we omit the details here.
C. The LMMSE Equalizer
The desired LMMSE equalizer in (2) results in the minimum mean square error E[(I n −Î n ) 2 ] among all the linear combinations of past observations. By the orthogonal principle [5] Thus, the tap coefficients of the LMMSE equalizer are given by B = R R −1 R Iā .
Each element E[R k R l ] in the correlation matrix R R can be calculated by substituting for R k and R l from (1); therefore, E[R k R l ] can be expressed in terms ofā, R I and R A . Note that R R and R I are time invariant if we assume the receiver input is wide sense stationary. It is stressed that R A accounts for the channel's random nature and makes the correlation matrix distinct from those of the regular equalization problems.
III. PERFORMANCE EVALUATION
We calculate the bit-error rate (BER) of the receiver using a Gaussian approximation [6] for the receiver output with the correct mean and correlation matrix of the L receiver outputs used by the equalizer.
As an example, consider a GaAs APD that has average gain of 10 and a 100-nm multiplication region. The parameters of this APD are E[G] = 10, E[G 2 /T ] = 27.06 THz, b se = 34.9 GHz and b 3dB = 27.4 GHz (taken from [4] ). The top figure in Fig. 1 depicts the calculated BER as a function of transmission rate for the receiver without equalizer, with the RD-model equalizer, and with the DD-model equalizer. The ISI length parameter L varies depending on the transmission rate, and the number of taps of the equalizer, M , is always set to twice of ISI length, i.e., M = 2L. The correctly modeled RD equalizer yields the least BER while the incorrectly modeled DD equalizer still improves BER. For instance, the BERs at 20 GHz transmission rate are 8 × 10 The bottom figure in Fig. 1 shows the receiver sensitivity (defined as the number of photons in per bit resulting in a BER of 10 −9 ) as a function of the transmission rate. As the sensitivity for the receiver without the equalizer diverges at about 20 GHz, the sensitivity increases much more modestly (approximately linearly at a small slope) for the equalized receivers. While both equalizers reduce the sensitivity significantly, especially at high-speeds, the performance of the equalizer obtained from the DD-exponential model deteriorates much faster at high transmission speeds than that of the equalizer obtained from the more accurate RD-rectangular model. This establishes the importance of using a complete statistical model for the APD's impulse response in deriving an equalizer for high-speed receivers.
Finally, Fig. 2 shows the BER as a function of M at various transmission rates. It is observed that 3-tap equalizer is able to achieve significant ISI cancelation at 20GHz transmission rate. 5 taps are efficient even at 80GHz transmission rate.
IV. CONCLUSION
The LMMSE-equalized APD-based receiver exhibits a significant performance improvement, especially at high transmission rates. It is observed that this improvement can be achieved with a 3-6 taps equalizer. This work reveals that the slowness of the APD can be compensated for using simple equalization. Therefore, the equalized APD-based receiver has the potential to be a cost-effective alternative to the PIN-EDFA combination in high-speed optical communications.
